Abstract. We show that real Deligne cohomology of a complex manifold X arises locally as a topological vector space completion of the analytic Lie groupoid of holomorphic vector bundles.
Introduction
The main purpose this paper is to reinterpret Beilinson's regulator as a morphism between K-theory groups of different types, and thus to describe real Deligne cohomology as a form of K-theory.
Our motivation comes from considering the 0-dimensional case. The algebraic Kgroup K 1 (C) = C × is far larger than H 1 D (Spec C, R(1)) ∼ = R. However, if we regard C × as a Lie group, then its maximal R-linear quotient is C × /S 1 ∼ = R, with the quotient realised by the Beilinson regulator.
Proceeding further, the real Deligne cohomology complex of C can be regarded as the universal R-linear completion of the monoid n BGL n (C) in Lie groupoids. The corresponding construction for the discrete topology would just give K(C) ⊗ Z R, for the connective algebraic K-theory space K(C). If we instead just regarded topological spaces as homotopy types and took geometric realisation of n BGL n (C), the group completion would give topological K-theory of a point. Thus the idea behind our R-linear completion is to look at features of topological spaces not encoded by the underlying set of points or the homotopy type.
Another way to formulate our characterisation of real Deligne cohomology above is to say that it is the universal complex V of real topological vector spaces equipped with a continuous map K(C) → V , by which we mean a system of maps K(C(Z, C)) → C(Z, V ) functorial in topological spaces Z, where C(Z, A) denotes the ring of continuous Avalued functions on Z. Equivalently, it is the pro-Banach completion of the monoidal Lie groupoid (P(C), ⊕) of finite projective C-modules.
For a complex manifold X, we therefore consider continuous maps K(O an X ) → V in the sense above, for hypersheaves V of complexes of real Banach spaces on X an . It turns out that the presheaf K Ban (O an X ) pro-representing the resulting functor is, up to hypersheafification, just the real Deligne complex We then have
RΓ(X, R D (p)), and the natural morphisms K(X) → K Ban (O an X ) induce a morphism K(X) → K Ban (X), which is just Beilinson's regulator.
Heuristically, the proof proceeds as follows, imitating many of the steps in [BG] . To see that Beilinson's regulator induces an equivalence, we need to show that it induces isomorphisms
on (appropriately defined) continuous Ext groups, for all sheaves V of Banach spaces on X an . Since K(O an X ) is locally equivalent to Z × BGL(O an X ) + , the sheaf Ext i cts (K(O an X ), V ) ⊂ H i cts (BGL(O an X ), V )⊕V should then consist of primitive elements. The symmetric space U n \GL n (O an X,x ) is contractible at all points x ∈ X, so Hochschild and Mostow's calculation gives
. This is just relative Lie algebra cohomology H i (gl n ⊗O an X , u n ; V ), and primitive elements as above then correspond to primitive elements of H i (gl ⊗ O an X , u; V ). Thus the proBanach completion of K(O an X ) is locally equivalent to the complex P C • (gl ⊗ O an X , u) ⊕ R of primitive elements for relative Lie algebra homology.
We then appeal to Loday and Quillen's calculation, which shows that primitive elements in Lie algebra homology are given by cyclic homology. This in turn is equivalent to the filtered de Rham complex, so
and combined with the homology of u, this yields
(1) The two-out-of-three property and closure under retracts follow immediately from Lemma 1.4. (2)-(3). Since the codomains of P and Q are finite complexes of Banach spaces, they are cosmall in Ch(pro(Ban)). (4). Every morphism in Q is a pullback of a morphism in P , and hence a P -cocell, so every Q-cocell is a P -cocell and hence in P -fib. Every pullback of a morphism in Q is a strict quasi-isomorphism, so every Q-cocell is a strict quasi-isomorphism, by Lemma 1.4. (5-6). Consider the classes P -proj and Q-proj of morphisms with the left lifting property with respect to P and Q-respectively. Applying [Pro, Proposition 3.3 .3], we see that Q-proj consists of levelwise strict monomorphisms. Meanwhile, P -proj consists of morphisms f : A → B for which the maps
are surjective quasi-isomorphisms for all I. Surjectivity is equivalent to the condition that f lies in Q-proj, so by Lemma 1.4, P -proj consists of the strict quasi-isomorphisms in Q-proj.
1.2. Completion. Definition 1.6. Write Met for the category of metrisable topological spaces.
Remark 1.7. Observe that Met is equivalent to a small category. This follows because every metric space is separable and Hausdorff, so has cardinality at most |R|. Thus the cardinality of the set of isomorphism classes of Met is at most 2 2 |R| = 2 2 2 |N| , each topology on a subset of R giving a subset of the power set of R.
Instead of Met, there are many small full subcategories C of topological spaces which we could use, subject to the following conditions. We need ind(C) to contain all open subspaces of objects of C in order to define the hypersheaves of §1.5. For Lemma 1.26 to hold, we need the objects of C to be paracompact Hausdorff spaces. Applications of Lemma 2.3 require C to contain all the spaces
for analytic open subsets U of complex manifolds X. Definition 1.8. Let Ch R be the category of real (unbounded) chain complexes. For any small category I, write Ch R (I) for the category of presheaves in real chain complexes on I (i.e. functors I opp → Ch R ). Proposition 1.9. For any small category I, there is a cofibrantly generated model structure on the category Ch R (I), with a morphism f : A → B being a fibration (resp. weak equivalence) whenever the maps f i : A(i) → B(i) are surjections (resp. quasiisomorphisms) for all i ∈ I.
Proof. This is essentially the projective model structure of Bousfield and Kan [BK] . Generating cofibrations are given by R.Hom I (−, i)[n] → cone(R).Hom I (−, i) [n] , and trivial generating cofibrations by 0 → cone(R).Hom I (−, i) [n] , where V.Hom I (−, i) is the presheaf j → f : i→j V . Definition 1.10. Given topological spaces Z, T , write C(Z, T ) for the set of continuous functions Z → T . Given V = {V i } i ∈ pro(Ban), write C(Z, V ) := lim ← −i C(Z, V i ), noting that this inherits the structure of a real vector space. Proposition 1.11. The functor C : Ch(pro(Ban)) → Ch R (Met) given by
Proof. First, we need to show that C has a left adjoint. Given Z ∈ Met, consider the vector space R.Z δ with basis given by the points of Z. Define I to be the set of equivalence classes of seminorms ν on R.Z δ for which the induced map Z → R.Z δ ν − → R + is continuous. Then I is a poset, and we have a pro-Banach space ban(R.Z) := {(R.Z δ ) ν } ν∈I , where the subscript ν denotes completion with respect to ν. Clearly, Hom pro(ban) (Ban(R.Z), V ) ∼ = C(Z, V ) for all Banach spaces V . Extending the functor ban to the whole of Ch(pro(Ban)) by suspension and left Kan extension then gives a left adjoint to C.
We now need to check that C preserves (trivial) fibrations. It suffices to verify this on the cogenerators, since C preserves all limits. It is automatic that
is surjective for all Z, I, n, and that cone(C(Z, ℓ ∞ (I)))[n] → 0 is a surjective quasi-isomorphism. Definition 1.12. Write Lban : Ch R (Met) → Ch(pro(Ban)) for the derived pro-Banach completion functor, given by composing ban with cofibrant replacement, and write RC for the composition of C with fibrant replacement. Given U ∈ Ch R (Met), V ∈ Ch(pro(Ban)), define
and write Ext
1.3. Derived Hom-spaces and homotopy ends. Definition 1.13. For any small category J, the functor Hom J :
Observe that Hom J is right Quillen for the model structure of Proposition 1.9, so has a right-derived functor RHom J . Definition 1.14. Given a small category I and a functor F : I × I opp → Ch(R), define the homotopy end of F by h i∈I
where R.Hom I denotes the presheaf sending (i, j) to the real vector space with basis Hom I (i, j).
The following lemma allows us to rewrite derived Hom-spaces as homotopy ends, which will considerable simplify their manipulation. Lemma 1.15. There is a canonical equivalence
Proof. By definition, we have
which is the evaluation at (U, V ) of the right-derived functor of the functor
On the other hand,
with corresponding right-derived functor (U, V ) → RHom I (U, V ).
Definition 1.16. Given a small category I, define Ch(pro(Ban), I) to be the category of functors I opp → Ch(pro(Ban)).
We will not attempt to put a model structure on this category. There is an obvious notion of levelwise strict quasi-isomorphism, so we have a relative category, and notions of right-derived functors, but will save space by making the following a definition.
Here, RHom Ban is the right derived functor of the right Quillen functor Hom Ban from Definition 1.3 with respect to the model structure of Proposition 1.5. Explicitly,
For the category Op(X an ) of open subsets of a complex manifold X an , we just denote RHom Op(Xan),Ban by RHom Xan,pro(Ban) .
Pro-Banach hypersheaves and K
Definition 1.19. Define Ch(pro(Ban), X an ) to be the category of presheaves of complexes of pro-Banach spaces on X an . Definition 1.20. Given a topological ring A, we define K Ban (A) ∈ Ch(pro(Ban)) by
This yields a pro-Banach presheaf
The remainder of the paper will be dedicated to showing that K Ban (O an X ) is locally strictly quasi-isomorphic to the real Deligne complex.
to the product total complex is a strict quasi-isomorphism, where for any set {U i } i∈I of open subsets of X an , we set V ({U i }) := i∈I V (U i ). Definition 1.22. A morphism f : E → F in Ch(pro(Ban), X an ) is said to be a local strict quasi-isomorphism if for all hypersheaves V in Ch(pro(Ban), X an ), the map
is a quasi-isomorphism, for RHom Xan as in Definition 1.17.
1.5. Hypersheaves of real complexes. Given an object (Z, U ) of Met × X an , a covering will be a collection {(W i , V i )} i∈I with W i an open subspace of Z, and
we then have an associated sheaf F ♯ with respect to the coverings above.
An object F of Ch R (Met × X an ) is then said to be a hypersheaf if
is acyclic for all such hypercovers. Proposition 1.25. There is a cofibrantly generated model structure (the local projective model structure) on Ch R (Met) in which the cofibrations are the levelwise monomorphisms and the weak equivalences are local quasi-isomorphisms.
Proof. This is essentially just the local projective model structure of [Bla] , but with coefficients in chain complexes rather than simplicial sets. Start from the model structure of Proposition 1.9, and take the left Bousfield localisation with respect to maps of the form 0 → C R ((W, V ) • → (Z, U )) for levelwise countable hypercovers. Because of the cardinality restriction on Met, this is indeed a set. Because Z and U are separable, the fibrant objects for this model structure are then just hypersheaves.
The arguments of [TV, Theorem 3.4 .1] carry over to show that the weak equivalences for this Bousfield localisation are just the local quasi-isomorphisms. Lemma 1.26. For any hypersheaf V • ∈ Ch Ban (X an ) (in the sense of Definition 1.21) which is fibrant for the model structure of Proposition 1.5, the associated presheaf
Proof. We need to show that for any (Z, U ) ∈ Met × X an ), the morphism
and because V • is a hypersheaf, we have a strict quasi-isomorphism
. By Proposition 1.11, the functor C maps strict quasi-isomorphisms between fibrant objects to quasi-isomorphisms, so we have a quasi-isomorphism
It therefore remains to show that
is a quasi-isomorphism. The key observation to make is that C(Z, V • (U )) is a module over the ring C(Z, R) of continuous functions on R, and that this ring admits partitions of unity (because Z is paracompact and Hausdorff). Thus each C(V i (U )) is a fine sheaf, so has no higher cohomology, and
Definition 1.27. Define B(X an ) to be the category whose objects are those open subsets of X an which are isomorphic to open polydiscs, i.e.
and whose morphisms are inclusions.
of homotopy ends is a quasi-isomorphism.
Proof. Writing h B for the set-valued presheaf Hom B(Xan) (−, −) on B(X an ) opp × B(X an ) and similarly for h Op , we begin by observing that a resolution of h B is given bỹ
Writing i : B(X an ) → Op(X an ) for the inclusion functor, we then have
Now, the functor (i, i) * is right Quillen, with a left adjoint (i, i) ! determined by
and left Kan extension. By adjunction, we then have
and we now wish to say that for fixed V ∈ Op(X an ), the map
is a weak equivalence; it is clearly surjective, and the fibre over f : U → V is B(f ↓ B(X an ) ↓ V )), which is contractible because the category f ↓ B(X an ) has an initial object. Thus φ V (U ) is a quasi-isomorphism for all U ∈ B(X an ), and thus φ V is a local quasi-isomorphism.
Writing
and using that F (−, V ) is a hypersheaf, we then get
Lemma 1.29. If f : E → F is a morphism Ch(pro(Ban), X an ) for which the maps E (U ) → F (U ) are strict quasi-isomorphisms for all open polydiscs U ⊂ X an , then f is a local strict quasi-isomorphism in the sense of Definition 1.22.
Proof. For every pro-Banach hypersheaf V , we need to show that
is a quasi-isomorphism. We may write
Since V is a hypersheaf, the functor U → RHom Ban (W, V (U )) is a hypersheaf for all pro-Banach complexes W , and thus the bifunctor
satisfies the conditions of Lemma 1.28, so
The required quasi-isomorphism now follows because the maps
are quasi-isomorphisms for all U ∈ B(X an ) and all pro-Banach complexes W .
Equivalent descriptions of K Ban
Given a ring A, write P(A) for the groupoid of finitely generated projective Amodules.
Proposition 2.1. The presheaf K Ban (O an X ) on X an is locally strictly quasi-isomorphic to the presheaf Lban(K( n GL n C(−, O an X )) R ) Proof. By definition 1.22 and adjunction, this amounts to showing that for all fibrant hypersheaves V ∈ Ch(pro(Ban), X an ), the morphism
is a quasi-isomorphism. Since C(V ) is a hypersheaf by Lemma 1.26, it is a local object, and hence fibrant for the model structure of Proposition 1.25.
It therefore suffices to show that
, which is a local ring. Because the functor P (and hence K) commutes with filtered colimits, the stalk
is an equivalence of monoidal groupoids, so induces an equivalence on K-theory.
Continuous cohomology.
Definition 2.2. Given a topological group G whose underlying space is metrisable, and V ∈ Ch R (Met), define C
• cts (G, V ) to be the product total complex of the Dold-Kan conormalisation of the cosimplicial
. . . , with maps coming from the maps in the nerve BG.
Lemma 2.3. If G is a topological group whose underlying space is metrisable, then for all V ∈ Ch R (Met) there is a canonical quasi-isomorphism
, and every object of Ch R (Met) is fibrant, so it suffices to show that N R.BG is cofibrant. The Dold-Kan normalisation N R.BG is a retract of the total chain complex associated to the simplicial presheaf R.BG. Brutal truncation of the total chain complex gives a filtration W 0 , W 1 , . . . whose quotients are the presheaves R.G n [−n], so W n−1 → W n−1 is a pushout of a generating cofibration, and is therefore a cofibration. Then N R.BG is a retract of lim − →n W n , so is also cofibrant.
We now recall some definitions from [HM, §2] :
Definition 2.4. Given a locally compact topological group G, we say that a G-module is a Hausdorff topological real vector space V equipped with a continuous action of G. − → A i−1 → of G-modules is said to be strongly exact if there is a sequence of continuous linear maps, h i :
Definition 2.6. A G-module A is said to be continuously injective if for any strongly exact sequence 0 → U → V → W of G-modules, every morphism U → A of G-modules extends to a morphism V → A.
Definition 2.7. A continuously injective resolution
where each A i is continuously injective.
Proposition 2.8. If V is a G-module and V → A • a continuously injective resolution, then there is a canonical zigzag of quasi-isomorphisms
Proof. We have morphisms
and C • cts (G, C(−, V )) just consists of the G-invariants of the cosimplicial DoldKan conormalisation N F (G, V ) of the complex F (G, V ) from [HM, §2] . Explicitly, F (G, V ) n = C(G n+1 , V ), with differentials coming from the cosimplicial structure given by the identification (EG) n = G n+1 . Since F (G, V ) is a continuously injective resolution of V , the same is true of its conormalisation (which is a direct summand).
The morphisms above then arise by taking G-invariants of the maps
Since these complexes are all continuously injective resolutions of V , they induce quasiisomorphisms on G-invariants.
Symmetric spaces and Relative Lie algebra cohomology.
Lemma 2.9. For B ⊂ X an an open polydisc, the space
Proof. If we write D for the open unit disc in C, then B is isomorphic to the
of topological groups, where O(U ) denotes the ring of complex-analytic functions on U . Moreover, we have a homeomorphism 
whose fibres are the orbits of the left multiplication by GL n (O (D m−1 ) ). An inverse to
is given by iterated integrals, so we have a homeomorphism
Since
Next, observe that GL n (O X (B)) is a Fréchet manifold: this follows because O X (U ) is a Fréchet algebra, with the system of seminorms given by sup norms on compact subsets of U . Explicitly,
It then follows that U n \GL n (O X (B)) is also a Fréchet manifold. As in [Ham] , it makes sense to talk about smooth functions and smooth differential forms on such a manifold. Definition 2.11. Given pro-Banach spaces U, V , define U⊗V to be the projective tensor product of U and V . This is a pro-Banach space with the property that maps from U⊗V to pro-Banach spaces W correspond to continuous bilinear maps U ×V → W .
where sgn is the one-dimensional real vector space on which Σ n acts by the signature.
Proposition 2.12. For B ∈ B(X an ) an open polydisc, and any set I, the complex
is a continuously injective resolution of the constant GL n (O X (B))-representation ℓ ∞ (I).
) and K := U n . Denote the associated Fréchet Lie algebras by g := gl n (O X (B)), k = u n . For any compact space T with measure µ, observe that ℓ ∞ (I) is T -integrable in the sense that the integral
exists, agreeing with usual integration on a collection of separating linear functionals. Explicitly, the functionals are the projection maps parametrised by I, and integration of f : T → ℓ ∞ (I) is simply given by
To see that this is well-defined, observe that f : T → R is continuous, so bounded above, by b, say. Then
for all i, giving boundedness in the ℓ ∞ -norm. The proof of Lemma 2.9 gives a diffeomorphism
, so there is a smooth contracting homotopy h : M × [0, 1] → M with h(g, 0) = id, h(g, 1) = g. As observed above, ℓ ∞ (I) is [0, 1]-integrable, so the Poincaré lemma then adapts along the lines of [HM, p385] to this infinite-dimensional context to show that the complex 0 → ℓ
is strongly exact. We now need to show that A i (M, ℓ ∞ (I)) is continuously G-injective. First, [HM, Lemma 3.2] shows that ℓ ∞ (I) is continuously K-injective, because it is K-integrable. The argument of [HM, p385] now adapts: a G-equivariant map f : U → A i (M, ℓ ∞ (I)) is a G-equivariant smooth mapΛ i T M × U → ℓ ∞ (I) satisfying various linearity conditions, which is the same as a K-equivariant linear mapΛ i (g/k)⊗U → ℓ ∞ (I). If U ֒→ V admits a continuous retraction, continuous K-injectivity of ℓ ∞ (I) thus induces an extension
Corollary 2.13. For B ∈ B(X an ) an open polydisc, and any set I, there is a canonical zigzag of quasi-isomorphisms
Proof. This combines Proposition 2.8 and 2.12.
Definition 2.14. Given a pro-Banach Lie algebra g, a closed Lie subalgebra k ⊂ g and a topological vector space V , define the continuous real Lie algebra cohomology complex E • cts,R (g, k; V ) by setting
with differential determined by
Define the continuous real Lie algebra homology complexÊ R • (g, k) to be the chain complex of pro-Banach spaces given bŷ
There is a canonical zigzag of local strict quasi-isomorphisms
Proof. The key observation to make is that
. For all fibrant objects V in Ch(pro(Ban)), Corollary 2.13 thus gives a canonical zigzag
of maps for all opens U ⊂ X an , and these are of quasi-isomorphisms when U is a polydisc. We now observe that the functor
is representable in Ch(pro(Ban)) by some object P (U ), where M = U n \GL n (O an X (U )). For this, we appeal to [Gro, Proposition A.3.1] : it suffices to show that for any Banach space V and any α ∈ C i cts (G,
. To see this, we just observe that α is given by a map G i × Λ j T M → V , and let W be the closure of the span of the image.
which are strict quasi-isomorphisms when U is a polydisc. They are therefore local strict quasi-isomorphisms by Lemma 1.29.
2.3. Cyclic homology and Deligne cohomology. Write GL := lim − →n GL n , gl = lim − →n gl n and u := lim − →n u n , with inclusion map gl n ֒→ gl n+1 sending the automorphism g of A n to the automorphism g ⊕ id of A n+1 = A n ⊕ A. Definition 2.16. If we fix an isomorphism α : Z ∞ ⊕ Z ∞ → Z ∞ , then for any ring A, we have a ring homomorphism gl(A)
We denote this homomorphism simply by ⊕.
Lemma 2.17. If we write K Ban,>0 for the kernel of K Ban → H 0 K Ban , then there is a natural zigzag of strict quasi-isomorphisms
Under this equivalence, the map T on the left induced by the group homomorphism
Proof. If we write τ >0 K R for the kernel of K R → K 0 ⊗ R, we know that for any ring A the chain complex N R.BGL(A) is canonically quasi-isomorphic to N R.BGL(A) + and hence to Symm(τ >0 K(A) R ), so
There are a multiplication and comultiplication on N R.BGL(O an X (U )), induced by ⊕ and the diagonal on BGL(O an X (U )) respectively. The multiplication is homotopy equivalent to the multiplication map on SymmK >0 (O an X (U )) regarded as a free dg algebra. The comultiplication map is then homotopy equivalent to the ring homomorphism given on generators by the diagonal K >0 → K >0 ⊕ K >0 . The doubling map T is given by composing the multiplication and comultiplication, so is homotopy equivalent to the ring homomorphism on SymmK >0 (O an X (U )) which multiplies K >0 by 2. We now just apply the functor Lban, noting that Lban(V ⊗ W ) ≃ (LbanV )⊗(LbanW ), and that ban commutes with quotients (so in particular with coinvariants of the symmetric group).
Proposition 2.18. There is a canonical zigzag of local strict quasi-isomorphismŝ
Under this equivalence, the map on the left induced by the ring homomorphism
given by g → g ⊕ g is homotopy equivalent to the map multiplying each summandŜymm n K Ban,>0 (O an X (U )) by 2 n . Proof. Taking the colimit over n in Corollary 2.15, we have local strict quasiisomorphisms
, which combine with Lemma 2.17 to give the required quasi-isomorphisms.
To understand the effect of the ring homomorphism T , we just observe that this is the map induced onÊ R
. This in turn is induced by the map on continuous group cohomology coming from the homomorphism T on GL(O an X (U )), which by Lemma 2.17 corresponds to multiplyingŜymm n K Ban,>0
by 2 n .
Lemma 2.19. There is a strict quasi-isomorphismÊ R
u , the complex of coinvariants for the adjoint action of u.
Proof. The argument of [LQ, Proposition 6.4 ] carries over to this context. The key is that the action of u onΛ n (gl(O an X )/u) is semisimple. Now, the direct sum : gl × gl → gl of Definition 2.16 induces a multiplication
, and as observed in [LQ, (6.5) ], this becomes associative on taking gl(C)-coinvariants. Since gl(C) = u ⊗ R C, it is also associative on u-coinvariants, soÊ R • (gl(O an X , u) u becomes a commutative associative dg pro-Banach algebra.
Definition 2.20. Given real Fréchet algebra A, we define the real continuous cyclic homology complexĈ
where t(a 0 ⊗ . . . ⊗ a n ) = (−1) n (a n ⊗ a 0 ⊗ . . . , ⊗a n−1 ). The differential b :
n (a n a 0 ⊗ . . . , ⊗a n−1 ).
Lemma 2.21. For a complex Fréchet algebra A, There is a canonical isomorphism
with multiplication given by tensoring symmetric powers.
This induces an isomorphism
where the map
Proof. The proof of [LQ, Proposition 6.6 ] carries over. Since u ⊗ C = gl(C), ucoinvariants are the same as gl(R)-coinvariants, and there is an isomorphism
where sgn is the one-dimensional real vector space on which Σ n acts by the signature, and Σ n acts on itself by conjugation. Multiplication is given by Σ p × Σ q → Σ p+q . Decomposing Σ n into conjugacy classes (i.e. cycle types), it then follows thatÊ • (gl(A)) gl is freely generated as a graded-commutative pro-Banach algebra by the image of
, where U n denotes the conjugacy class of cyclic permutations.
For the cyclic group C n , we now just have
and the differential is b.
. The calculations as above give the latter as the free graded-commutative C-algebra on generatorsĈ C
. Now we just need to understand the effect of the operator † on this complex. The action of Σ n on V ⊗ C n is unitary, so we have ( σ λ σ σ) † = σλ σ σ −1 . Now, the cyclic permutation (1, 2, . . . , (2p − 1)) is conjugate to its inverse by a permutation of sign (−1) p+1 , so generators of
Lemma 2.22. If A is a real Fréchet algebra, there exists a canonical zigzaĝ
in Ch(pro(Ban)) to a sum of truncated de Rham complexes. The first map is always a strict quasi-isomorphism, and the second is so whenever A is the ring of complex analytic functions on an open polydisc.
Proof (sketch). Adapting [Wei, Lemma 9.6.10 and Proposition 9.8.3] , there is a strict quasi-isomorphism to the complexĈ • (A) from the total complexB(A) of the completed version of Connes' double complex. That the quasi-isomorphism is strict follows because the proofs provide explicit contracting homotopies. The second morphism is now defined on the completed Hochschild complex of A by a 0 ⊗ . . . ⊗ a n → 1 n! a 0 da 1 ∧ . . . ∧ da n . It suffices to show that this is a strict quasiisomorphism when A is the ring of analytic functions on an open polydisc. To see this, observe that the Hochschild complex is a model for A⊗ L A⊗A A, where derived tensor products are taken in the sense of [Mey] . We now just construct a Koszul resolution of A. If co-ordinates are given by z 1 , . . . z d , then consider the commutative dg Fréchet algebra B over A⊗ C A freely generated by h 1 , . . . h d in degree 1, with dh i = z i ⊗ 1 − 1 ⊗ z i . The map B → A is clearly a strict quasi-isomorphism, and B is clearly a projective A⊗ C Amodule. Since A⊗ C A is a direct summand of A⊗A ∼ = (A⊗ C A) 2 , B is also projective as an A⊗A-module.
Proposition 2.23. There is a canonical zigzag of local strict quasi-isomorphismŝ
Proposition 2.24. This just combines Lemmas 2.19, 2.21 and 2.22.
Definition 2.25. For a complex manifold X an , define the sheaf A • X,R (resp. A • X,C ) to be the de Rham complex of smooth real (resp. complex) forms on X an , regarded as an object of Ch(pro(Ban), X an ) via the natural Fréchet space structures on spaces of smooth forms. The complex A • X,C comes equipped with a bigrading and hence a Hodge filtration F .
Write
of presheaves of pro-Banach complexes on X an , where R denotes fibrant replacement of pro-Banach complexes.
Proof. We first wish to establish that the canonical map 
is a strict quasi-isomorphism, these combine with the local strict quasi-isomorphism above to give a zigzagŜ Proof. The key idea is to deduce this from Theorem 2.26 by considering the effect of the doubling map T from Proposition 2.18. Since our local descriptions of T were too careless to imply functoriality automatically, we rely on a local argument. If we choose a strict local quasi-isomorphism f as in Theorem 2.26, we can decompose f as m,n f mn , for
We wish to show that f 11 is a local strict quasi-isomorphism, so it suffices to show that the restriction of f 11 to any polydisc is a strict quasi-isomorphism. By Proposition 2.18, we know that f mn • T is homotopy equivalent to 2 m f mn . However, the description of multiplication in Lemma 2.21 ensures that f mn • T is homotopy equivalent to 2 n f mn . Thus f mn is locally homotopy equivalent to 0 whenever m = n, so f is locally homotopy equivalent to f nn . In particular, each f nn is a local strict quasi-isomorphism, so The Hodge decomposition of [GH, ensures that inclusion of harmonic forms H * (X, R) in Γ(X an , A • X,R ) is a strict quasi-isomorphism, giving a strict quasiisomorphism cocone(H * (X, R)(p) → H * (X, C)/F p ) → Γ(X an , A R,D,X (p)).
Since the first complex is finite-dimensional, it has the finest R-linear topology. It is therefore strictly quasi-isomorphic to Γ(X an , A R,D,X (p)) equipped with the finest Rlinear topology.
